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We review the slow-growth method for computing free energy changes for processes in
conformation space or in “‘chemical” space, in which a system parameter, x is changed at each
integration time step, and the free energy, A4 is approximated by accumulating the work
performed at each step. The method is simple to implement and use, convergence can be
monitored by performing longer simulations and by performing the simulations changing y in
both directions, and statistical error can be evaluated by performing multiple independent
simulations. Because slow growth simulates a continuous process, it closely approximates the
ideal isothermal quasi-static process used in defining the free energy in thermodynamics, and
thus a small hysteresis in slow-growth results practically guarantees that the process is
reversible, which is of course a prerequisite for the results to represent a free energy change.
Whenever hysteresis is not negligible (which happens when the required long simulation times
are unattainable), Boltzmann exponential averaging of slow growth results should be used to
produce an upper bound on the free energy change (Jarzynski, C., Phys. Rev. Lett., 78, 2690 —
2693, 1997), with exponential averaging of results for change in the opposite direction giving a
lower bound; it is then reasonable to choose the mean of the bounds as the best estimate. The
work, W, for transfer of benzamidine from water to vacuum has been computed by insertion
and extraction simulations, at different switching times. (As implemented, the molecular
transformation calculation requires two evaluations of the Ewald sum; the increase in computer
time required for this has been reduced by use of a multiple time step scheme in which the Ewald
summations are executed at intervals of several integration time steps.) For the longest
switching time, the distribution of values of W, is narrow, hysteresis is small and all methods
produce a similar result for A4. As the switching time is reduced, (i) the distribution becomes
non-Gaussian, (ii) the frictional portions and the distributions for insertion and extraction
differ, (iii) the mean of the linear averages and the mean of the exponential averages for
insertion and extraction both fail to give an accurate estimate of AA.
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INTRODUCTION

There are presently several main approaches in use for the calculation of free
energy differences by simulation, as has been reviewed some time ago [1-5].
In all of these, the potential energy is perturbed in one way or another, the
result of the perturbation being a change of state of the system along a
specific path. If conformational variables are perturbed, the path will lie in
phase space (conformational forcing), while if parameters of the energy
function are perturbed, the path will be via the less intuitive “‘chemical”
space (so-called molecular transformation). The methods differ in the details
of how the free energy change is actually computed.

In umbrella sampling, the conformational variable, y is perturbed by the
application of, typically, a harmonic potential, U,(x) that has the effect of
restraining x near some fixed value, yo where the potential is zero,
U,(x0) =0 [6—8]. The simulation locally samples a distribution P,(x), and
from this local distribution the free energy’s dependence on y for the
unperturbed state in the vicinity of y, can be computed with

Pu(x)
Pu(XO)

Since the range of y sampled in one of these simulations is limited, the
results of simulations at many closely spaced values of x are pieced together
to produce the free energy difference between end points [9].

In stepwise perturbation, the simulations are done with the conformational
variable or energy parameter, y fixed at some value, yo and the free energy
to change x is computed from a sample of potential energy differences for
changing x to another value, x; [10].

AA = A(x1) — A(xo) = —kT In{exp{—[V(x1) — V(Xo)]/kT}>X:XO (2)

A(x) —A(xo) = —kT'In — Uu(x) (1)

Again, practice has shown that accuracy requires the results of simulations
at many closely spaced values of x, to be pieced together [3, 11, 12].

In thermodynamic integration, the free energy for changing the state of the
system is obtained as the work done in an isothermal quasi-static process, in
which a change is forced of a conformational variable or energy parameter,
x. The free energy change is calculated as the integrated mean force applied
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over the path

M= AG0) Al = W = | ) dx<a—v>eq 6)

0

the average being over an equilibrium ensemble at each value of . This has
led to two practical implementations. In MCTI (multi-conformational
thermodynamic integration) [13], values of (0V/9x) at a series of values of x
are accumulated, from which the integral can be evaluated. In slow growth
the free energy change is approximated as the work in a single simulation in
which the value of x is changed by dx = (x1— x0)/M at each of a total of M
integration time steps [2, 11, 14]

Z(S ;Xl Xo(ax) @

X=X0+ibX

Selection among these different methods can be based on a number of
criteria, among which are: ease of implementation, precision, accuracy and
reversibility. Ease of implementation favors slow growth, which requires
executing a single simulation; on the other side, the step of piecing together
the distributions obtained with different potentials in a maximally precise
manner in umbrella sampling requires an especially complex procedure [15].

More important are questions of precision, i.e., how, first, to limit and,
second, to estimate the statistical error, and of accuracy, i.e., how to avoid
systematic errors.

Statistical error. Both stepwise perturbation and MCTI use averages of
samples accumulated during simulations at constant potential, which makes
for a straightforward analysis of statistical error, based on the autocorrela-
tion functions of these time series [16]. This is not available with slow-
growth time series, because in these the potential and therefore (9V/dx)
changes systematically during the simulation. However, the statistical error
in slow-growth calculations can be readily estimated in terms of the mean
square deviation of results from several independent simulations [17—19].

Since averaging over longer time series or over a greater number of
independent simulations should improve the precision by a similar factor,
the effectiveness of a technique is determined by the precision achievable
with a given amount of computational effort. Attempts at comparing
stepwise perturbation, MCTI and slow growth have failed to determine
significant differences in precision (e.g. [11,12,20]). This is perhaps not
surprising because the statistical mechanical formulation of these three



18: 48 14 January 2011

Downl oaded At:

70 H. HU et al.

methods is very similar, with stepwise perturbation converging with MCTI
in the limit of very many small steps in x, and MCTI converging with slow
growth in the limit of very small steps and very short sampling time.

Systematic error. In addition, slow growth produces a systematic error: a
lag between the system configuration and the (changing) potential [21]
makes a positive contribution to W regardless of the direction in which y
changes. By treating this effect as due to friction, one sees that it will be
eliminated in the limit of very long slow-growth simulations (or very large
switching time, i.e., M — oo). More useful is the fact that, at least when the
friction is small, one expects it to give an equal (positive) contribution in a
simulation in which the value of y changes from x, to x; as in a simulation
in which x changes from x; to xo. The systematic error due to friction
produces a hysteresis, i.e., in a cycle in which the potential is first changed,
and then changed back to its original value, the sum of the work over the
entire cycle computed according to Eq. (4) is not zero

H= WSg(XO _>Xl)+WSg(X1 _>X0)>0 <5>

The mean values of the work in the two directions provide upper and lower
bounds of the free energy change [17—19]

—(Wse(x1 — x0)) < AAu(xo — x1) < (Wie(xo — x1)) (6)

If the friction is small, tits effect is eliminated by subtracting the two results
and dividing by 2

AAL(xo — X1) = [Wig(xo — x1) — Wi (1 — x0)]/2 (7)

Treatment of the statistical error and hysteresis in terms of a simple
fluctuation-dissipation model has provided a basis for Eq. (7) [22,23] and
also gave as a result a relation between the hysteresis and the variance
of W,

var(Wy,) = kTH (8)

Furthermore, this analysis indicated that both are inversely proportional to
the switching time, which, according to recent work implies a linear response
[33]. Jarzynski [24] has shown recently that systematic error due to friction
is eliminated from slow-growth free energies differences by exponential
averaging, i.e.,

AAp(xo — x1) = —kT In{exp[— Wi, (xo — x1)/kT])
= kT In(exp[—W,(x1 — X0)/kT1) 9)
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An important consequence of this equality is that it follows that the mean
value of W is an upper bound of A4, while the mean value of — I in the
opposite direction is a lower bound, i.e.,

(=W (x1 — x0)) £ AA(xo0 — x1) < (Wge(xo — x1)) (10)

Equation (9) has been proposed as the basis of a fast growth protocol to
estimate AAp from the results of many relatively short slow-growth
simulations in a single direction [33].

It was also found that in the case where W, obeys a Gaussian distribution
(as in the linear response case), Eq. (9) directly implies Eq. (8), and in that
case yet another method for evaluating the free energy change from a set of
independent simulations in the same direction is given by

AAc(xo = x1) = (Wy(xo — x1)) — msd[Wie(xo — x1)I/(2T)  (11)

where msd stands for the mean square deviation [24].

Application of the fast growth protocol Eq. (9) would appear effective
only when the probability distribution of the values of f= W, is narrow,
as can be easily demonstrated for the case of a Gaussian probability
distribution, Pg i.e., when

(exp|—f/KT]) = / dIPo(f) expl—f /KT]
— Po(0) / df expl /(202 exp|f/kT]  (12)

The integrand has a maximum for f=f;,.x = —0>/(kT), when the value of
the probability distribution is

P (finax) /P6(0) = exp{—0” /[2(KT)?]} (13)

Accordingly, the relative probability of sampling near the maximum of the
integrand is small when o> kT; for example, for o =3kT, the relative
probability is only 0.01. In order to obtain a precise estimate of AAp with
use of Eq. (9) when o> kT, one would need to perform a very large number
of independent simulations, and thus the fast growth approach is effective
only when the distribution is narrow, in which case the hysteresis, H Eq.
(8), and then also the systematic error, is not large to begin with.

On the other hand, a sample of W, will have a systematic deficit of small
values that contribute heavily to the average, AA4p computed with Eq. (9),
and it has been shown that the latter also is an upper bound of the free



18: 48 14 January 2011

Downl oaded At:

72 H. HU et al.

energy change [24],
AA < AAp (14)

(In practice, a rare instance of a low value of W, farther than, say, 30 from
the mean would have to be systematically eliminated.) Thus, A4y is a better
approximation of A4 than A4,,.

In order to investigate how these relations hold up in a practical
application, we here present results of simulations in a moderately diffi-
cult problem, the transfer from water to vacuum (extraction) of a
polyatomic polar molecule having besides a positively charged end a sizable
hydrophobic portion, benzamidine [CcHs—C(NH,),], and the reverse
(insertion). Free energies of transfer have been estimated in simulations in
which the benzamidine-water interactions are slowly reduced from their full
value to zero in a slow-growth protocol with non-linear scaling. We have
done a sizable number of independent simulations at each of several
switching times, in both directions, and analyze these here in terms of
Eqgs. (4) through (11).

METHODS

Simulations

Simulations were done with the program Sigma [25]. One benzamidine
molecule was represented together with 2093 SPC water molecules in a
cubic volume with periodic boundary conditions. Partial charges were
obtained from the literature [34], nonbonded and geometric parameters
were from the cedar forcefield [26,27]. The integration time step was 2fs,
and the Shake algorithm was used to constrain all bond lengths [28]. Long-
range electrostatic forces were evaluated with Ewald summation [29].
Nonbonded forces were computed at every time step for atom pairs within
8A, every 3 time steps for atom pairs with separation between 8§ and 12A,
and the Ewald summation was performed every 9 time steps, the long
range electrostatic forces being obtained by subtracting the short- and
medium range electrostatic forces from the forces computed via Ewald
summation [30]. All other forces were computed at every time step. The
integration was performed with use of a multiple time step algorithm [31].
Constant temperature (300 K) and pressure (1 bar) were maintained with
Berendsen thermo- and manostats [32].
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Free Energy Calculations

The free energy of transfer of benzamidine from aqueous solution to
vacuum was estimated in dynamics simulations in which the force field
parameters were changed by making the benzamidine-water energy
dependent on a coupling parameter, A. The beginning and end state are
specified by specific potential energy functions, V; and V5, the former
consisting of water-water plus benzamidine-water energy and the latter
containing only the water-water energy, with all intramolecular energy
terms common to both. The transformation is performed using a potential
energy function dependent on A,

V=MV +LA)V2 (15)
where
fi(0) =f2(1) =0
fi(l) =£(0) =1 (16)

From Eq. (3), the free energy for extracting the benzamidine molecule
becomes

AA = /1 0<8V/8)\)eqd)\ (17)

Starting points for series of transformations were taken at 0.9 ps intervals
from simulations of the benzamidine-water system at A =1 (for extractions)
and at A=0 (for insertions).

Non-linear scaling. A non-linear scaling function (¢f. Eq. (15)) was used,
in which non-bonded interactions between benzamidine and water were
scaled in proportion to \”. For the attractive Lennard-Jones energy and
forces and the electrostatic energy and forces m =3, while for the repulsive
Lennard-Jones energy and forces m=>5 [17].

Use of Ewald Summation in Simulations that Compute
Free Energies of Molecular Transformation

In the Gromos/Cedar force field and other force fields commonly used in
molecular mechanics simulations, the energy is computed as a sum of many
terms each involving 2 (or 3 or 4) atoms. In that case, solvent-solvent,
solvent-solute and solute-solute terms occur equally in 77 and V', and hence
do not contribute to dV/0A, and when the potential energy is evaluated by
direct summation of terms, these need be computed only once without
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scaling. In the Ewald summation, the contributions from all atomic point
charges, including those from surrounding simulation cells, are combined to
compute the electrostatic potential and gradient, and the combined gradient
is used to compute the force acting on each point charge. Consequently, it is
necessary to compute the Ewald sum twice, once as a contribution to V7,
with inclusion of the benzamidine charges, and again as a contribution to
V>, omitting the benzamidine charges. (A second evaluation is necessary
also for a ligand molecule with zero net charge, and can be omitted only for
a ligand that is represented without atomic partial charges.)

RESULTS

Table I summarizes the results, giving switching time, number of
independent evaluations, mean value, mean square deviation and exponen-
tial mean value for insertions and extractions. Figure 1 shows progress
curves from independent simulations, 20 in each direction, while Figure 2
shows distributions of simulation results at two different switching times,
and Figure 3 shows convergence of two different estimates of the transfer
free energy as the switching time is increased: the mean of the linear averages
Eq. (7), and the mean of the exponential averages Eq. (9) for insertion and
extraction.

For the 8 independent simulations with the longest switching time
(180 ps), the 16 progress curves, when shifted to account for the difference in
origin between insertions and extractions, are almost superimposable

TABLE I Free energy estimates for extraction of benzamidine from water from slow growth
simulations of the insertion and extraction processes (“in” and “out”). Results were computed
from multiple () independent transfers of benzamidine into and out of water in different
switching times, f,. Successively given are, linear average or mean, (W), mean square
deviation, msd (W), mean of insertion and extraction results, A4,,, Boltzmann exponential
average, A4 and mean of insertion and extraction values, (A4g), and estimate assuming a
Gaussian distribution, A4g. Energies in kcal/mol

1 AA,, Ady Adg
(ps) inlout n (Wy) msd (Wy)  Eq.(7) Eq. (9) (Adp) Eq. (11)
180 in 8 562 0.49 56.5 56.6
180 out 8 571 0.10 56.7 57.1 56.8 57.0
18 in 100 522 4.0 55.2 55.5
18 out 100  59.7 3.6 56.0 56.8 56.0 56.7
7.2 in 200 46.5 239 52.6 66.4
72 out 200  63.1 7.0 54.8 59.1 55.9 57.3
3.6 in 400 39.2 51.2 50.3 81.9
3.6 out 400  67.5 9.8 534 59.1 547 59.3
1.8 in 800 267 158, 42.6 158.3

1.8 out 800 72.7 13.2 36.3 63.2 52.9 61.7
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FIGURE 1 Slow growth progress curves from 20 independent extractions (top set) and
insertions (bottom set) of benzamidine for a switching time of 1.8 ps. Energies in kcal/mol.
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FIGURE 2 Distributions of slow growth results, W, for insertion (on left) and extraction (on
right) in independent simulations, for switching times of 1.8 (thin lines) and 7.2 (heavy lines) ps.
The vertical arrows indicate the estimated free energy change. Energies in kcal/mol. The
distributions have been scaled to give the same area under each curve.
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FIGURE 3 Estimates of the free energy of transfer of benzamidine from water to vacuum,
AA (in kcal/mol) obtained with two averaging methods as a function of the switching time, 7,
(in ps). Open circles represent mean values Eq. (4), and open squares represent Boltzmann
exponential averages Eq. (9). Filled symbols represent the mean values for insertion and
extraction of these two averages. A horizontal straight line marks the best estimate of the free
energy change.

(results not shown). For a switching time of 18ps the distributions are
narrow, hysteresis is small and all methods produce a similar, reasonable
accurate result for AA4. For shorter switching times, the methods to estimate
AA increasingly fail: (i) the distribution of W, is non-Gaussian as
evidenced by the failure of Eq. (11) to give an accurate value; (ii) the
distributions for insertion and extraction of W, differ markedly, and also
the mean of the linear averages for insertion and extraction fails to give
an accurate value; (iii) the exponential average Eq. (9) fails to give a good
estimate of A4, presumably because needed instances of low values of W,
do not occur in a sample generated by a limited number of simulations
(¢f- Eq. (13)).

Evidently, the most accurate value of AA is obtained from a small
number of simulations, each with a correspondingly long switching time.

“Asymmetry” of insertion and extraction. It is clear from Figure 1 that
insertions at short switching time give erratic results due to events that
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occur, to a variable extent, at very small values of A. In the absence of
interactions between solute and solvent molecules, i.e., at A=0, solvent
molecules can very closely approach atoms of the solute, and it is well
known that this creates technical difficulties if the scaling of the
intermolecular forces with A is linear [1,2, 14]. The results reported here
indicate that, when non-linear scaling is used, a randomly inserted molecule
may experience a repulsive energy outside the equilibrium distribution
during the initial stage of the transformation, i.e., when the value of X is
small, but non-zero; this will then lead to a contribution to the “friction”,
for which there is no counterpart in the extraction process [21]. The
consequent asymmetry between the insertion and extraction processes, has
as a result that averaging of W, from insertions and extractions as in Eq. (7)
does not eliminate the error due to friction. Careful inspection of the
averages and mean square deviations reported in Table I shows that the
asymmetry persists at even the longest switching time.

DISCUSSION

A unique drawback of slow growth is that a systematic error (which shows
up as hysteresis) must be removed from the computed values of W,. At the
least, the results in forward and reverse direction provide upper and lower
bounds, the correct answer lying between the two extremes obtained,
preferably by exponential averaging according to Eq. (9). In the limiting
case in which the values of W, obey a Gaussian distribution, the corrected
AA can be calculated according to three different methods, Egs. (7), (9) and
(11) [17,22,24,33], which should produce similar answers. If they do not,
and more precise results are required, longer simulations will be needed; a
drawback is that if new and longer simulations are decided on, the results of
the old simulations are useful only as a measure of progress towards the goal
of obtaining a final set of results. Perhaps recently obtained new insight
[24,33] will encourage extension to conditions where the response is non-
linear and the distributions are not Gaussian.

So far, one seems to lack a good reason to use slow growth, rather the
opposite is true. There exists, however, an excellent reason for continuing to
use this method, related to the reversibility of the simulated process, which is
a necessary condition for the work done to bring about the process to be
equated with the free energy change. In Eq. (3) the reversibility condition is
satisfied by letting the force, 0V/Ox be averaged over an equilibrium
ensemble (Boltzmann distribution) at all values of x. In a physical
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experiment, reversibility is ensured by performing the experiment slowly,
and then performing the experiment in the opposite direction. With slow
growth one simulates the same process in both directions. A small hysteresis,
furthermore one that decreases as the switching time is increased, is a direct
demonstration that the simulation has followed a continuous and reversible
process and that the computed result Eq. (7) indeed represents the change in
the free energy of the model within a known margin of error.

Both MCTI and stepwise perturbation require the preparation of
equilibrated samples at intermediate values of x. Reversibility can be
addressed by preparing two of each sample by perturbing samples that have
been thoroughly equilibrated at each endpoint (x; and x,), and computing
mean values of (0V/Jx) in two simulations, for as long as needed for
convergence to the same value. In addition, when using the stepwise
perturbation method, one should compute the free energy to perturb the
system to both the next lower and the next higher value of y, and establish
reversibility by demonstrating convergence to where “up” and “down”
perturbations across the same interval of x give equal results, i.e.,

In(exp{—[V(x1) = V(x0)I/kT}) —,,
= —In{exp{—[V(xo0) — V(x1)I/kT}), -, (18)

for all intervals.

A unique advantage of slow growth is that the change of the system is
tracked through an essentially continuous process, and that every generated
intermediate sample contributes to the average, (0V/0x). In the limit of very
long switching time, the slow-growth simulated process closely approx-
imates the quasi-static process of thermodynamics that underlies definitions
of reversibility and free energy.

Even if conditions of reversibility have not been perfectly attained, it is
highly desirable to have a clear indication that is has not, in the form of a
non-negligible hysteresis or otherwise. Apart from establishing a level of
confidence in the reported results, such knowledge may encourage new
attempts to repeat the problem calculation with faster computers or with an
improved algorithm, for example, by integration along a different path.
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